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Abstract 
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1. Introduction 
This paper has been written as a result of a request from J. Nagata. It surveys, in the 
context of classical theory, some important recent developments in the area of monoton- 
ically normal spaces, in particular, in work of the Oxford mathematicians RM. Gartside, 
RJ. Moody and I.S. Stares. In particular, it is strongly influenced by Gartside's thesis 
[18]. In this way, it supersedes the article [9] and includes a number of until now unpub- 
lished results and unsolved problems. It also extends Section 3 of Gruenhage's survey 
article [23]. 
For simplicity, we assume that all spaces are Tychonoff, though weaker separation 
may sometimes suffice. 
A main purpose of the paper is to stress the importance and interest of monotonicity 
in topology, as demonstrated through monotone normality: informally, a space X is 
monotonically 79 if X has 79 in a manner that respects et inclusion. We now give the 
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(original) definition of a monotonically normal space, the operator H witnessing the 
normality of the space in a monotonic manner. 
Definition 1 [27]. A space X is monotonically normal if there is an operator H(-, .) 
which assigns to each pair (A, B) of disjoint closed sets an open set H(A, B) such 
that 
(I) A C_ H(A,B)  C_ H(A,B)  C_ X \ B 
(2) A G At, B D_ B' ~ H(A, B) c_ H(A', B'). 
Sometimes monotone normality is no better behaved than normality: the square of a 
monotonically normal space need not be normal. Sometimes it can be powerful: there are 
no monotonically normal Dowker spaces. Indeed, it is often the monotonicity ofmonotone 
normality that is required to eliminate pathological behaviour. It is the author's view that 
the applicability of monotone normality has yet to be fully exploited, in particular in the 
study of topological groups. We hope to demonstrate this in the paper. 
2. Basic properties and results 
Suppose that A is a subspace of a space X and consider the following properties of a 
function kA : 7-A --+ TX, where 7-Y denotes the topology on a space Y: 
kA(U) n A = U, (K1) 
kA(Uo) c kA(U~) whenever U0 C_ Vl, (K2) 
U0 n U1 ~ 0 whenever kA(Uo) N kA(Vl) ¢ O, (K13) 
n U~ ¢ 0 whenever kA(Ui) ¢ 0 (n >1 1). (Ko3) 
i=1 i=l 
A is Kl-embedded (respectively Ko-embedded) in X if there exists such a function 
kA satisfying (K1), (K2) and (K13) (respectively (Ko3)), and a space X is a K1- 
space (respectively Ko-space) if every subspace of X is Kl-embedded (respectively 
Ko-embedded). 
Theorem 1. Suppose that B is a basis for the topology TX of a space X. The following 
statements are equivalent: 
(a) X is monotonically normal; 
(b) [27] there is an operator V(., .) which assigns to each x in X and each open 
neighbourhood U of x an open neighbourhood V(x, U) also containing x such that 
V(x, U) C_ V(x, U') whenever x C U C__ U' and U, U' open (MN1) 
V(x, X \ {y}) n V(y, X \ {x}) = 0 whenever x ¢ y; (MN2) 
(c) [6] there is an operator A(., .) which assigns to each x in X and each B in B 
containing x another element A(x, B) in I3 containing x such that 
A(z, B) n A(x', B t) ¢ 0 ~ z E B' or ;c' ~ B; (MN') 
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(d) [14,18]for every A C X, there is a function kA : ~-A ~ ~'X, satisfying (K1), (K2) 
and (K13), together with the monotone property 
kyo(Uo) c kv,(U1) 
whenever Uo C U1, YI \ U1 C }To \ U0, Ui • TYi (i = 0, 1). (MK) 
When we speak of a monotone normality operator, we shall mean an operator V(-, .) 
satisfying (MN1) and (MN2) as in (b) of Theorem 1 above (rather than H(.,-) of Def- 
inition 1). (MN2) suggests that V(., .) might as well be called a monotone Hausdorff 
operator. Note that, if (X, d) is a metric space and S(x; 5) = {y • X: d(x, y) < 6}, 
then the operator V(., .) defined by 
V(x, U) =- ~ S(x; 5) whenever U ¢ X and 25 = d(x, X \ U) 
t X whenever U = X 
is a monotone normality operator. 
Gartside supports the assertion that monotone normality holds a privileged place in 
set theory by proving the next two results. The first answers a question of van Douwen 
[15]; the second uses the crucial basis characterisation given in Theorem l(c). 
Theorem 2 [18]. In Zermelo-Fraenkel Set Theory (without he Axiom of Choice), the 
statement 'every linearly ordered space is normal' is equivalent to the statement 'every 
linearly ordered space is monotonically normal'. 
Theorem 3 [18]. Suppose that M and M t are models of ZFC, with M a submodel of 
M', and that the space (X, "r) lies in M and has monotone normality operator V(-,-) 
satisfying (MN1) and (MN2). Then ~- is a basis for a topology r ~ on X for which the 
space (X, "r r) lies in M I and satisfies (MN I) of Theorem l(c). 
For comparison, note that normality may be destroyed by forcing. Observe also that 
monotone normality is not downwards absolute. 
From now on, we shall work within Zermelo-Fraenkel Set Theory with the Axiom of 
Choice. 
Some properties of monotone normality are well-known or obvious. In particular, 
monotone normality is preserved under the operations of taking subspaces and closed con- 
tinuous images. GO-spaces are monotonically normal and monotonically normal spaces 
are collectionwise normal [27]. The Sorgenfrey Line is a monotonically normal space 
with nonnormal square. If S is a convergent sequence, X × S monotonically normal im- 
plies X stratifiable. The ordinal space wl is monotonically normal but not paracompact, 
whereas ¢3co is compact but not monotonically normal. 
In the last few years, some of the more exciting results in this area have concerned 
covering properties. The following two results may be singled out, the second permitting 
a corollary which answered an important outstanding problem. 
Theorem 4 [45]. Monotonically normal spaces are countably paracompact. 
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Theorem 5 [4]. Every open cover of a monotonically normal space X has an open or- 
disjoint partial refinement )2such that X \ U V is the union of a discrete family of closed 
subspaces homeomorphic to a stationary subset of an uncountable regular cardinal 
Corollary 1. A monotonically normal space is paracompact if and only if it does not 
contain a closed subspace homeomorphic to a stationary subset of an uncountable r gular 
cardinal. 
Most monotonically normal spaces automatically satisfy the condition (AMN) of the 
next definition, which in fact just extends the condition (MN2). 
Definition 2 [37]. A space X is acyclic monotonically normal if it has an operator V(., .) 
satisfying (MN1), (MN2) and 
A v(x ,x \ (x,+,)) (AMN) 
/=0 
whenever n ~> 2, x0, . . . ,  xn-i distinct, and xn = xo. 
Theorem 6 [36]. The following are equivalent for a space X:  
(a) X is acyclic monotonically normal, 
(b) for every A C_ X, there is a function ]C A : TA --4 "rX satisfying (K1), (K2), (1(o3) 
and (MK) of Theorem l(d). 
As every monotonically normal space is a Kl-space, the next result answers an old 
question of van Douwen [14], by giving an example, the first to be discovered in ZFC, of 
a Kl-space which is not a K0-space. An example under CH was previously discovered by 
van Mill [34]. The question as to whether every monotonically normal space is acyclic 
monotonically normal was asked in [37]. 
Theorem 7 [46]. There is a cyclic (= nonacyclic) monotonically normal space which is 
not Ko. 
There remains the following question: 
Problem 1 [36]. Is every monotonically normal K0-space acyclic monotonically normal? 
Further to motivate our discussion, we now list some examples of monotonically 
normal spaces. We return to these classes of spaces below where definitions of the less 
well known are given. 
- (subspaces of) linearly ordered spaces--for example: ordinal spaces, the Alexandroff 
Double Arrow Space, the Lexicographic Square, the Sorgenfrey Line; 
- protometrisable spaces--for example: the Michael Line, Souslin Trees with the 
branch-space topology; 
- stratifiable spaces for example: closed continuous images of metric spaces, 
McAuley's bow-tie space, countable spaces with precisely one nonisolated point; 
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- well ordered (F) spaces--for example: the Alexandroff Duplicate of the interval, 
spaces with precisely one nonisolated point. 
3. The structuring mechanism and protometrisable spaces 
One central aspect of our remarks in this paper is that of the structuring mechanism, 
first introduced in [10] as follows. It was abstracted from the standard proof of the fact 
that a separable metric space is second countable and has proved to be a flexible tool for 
studying eneralised metric spaces. 
A space X has W satisfying (F) if W = {W(x): x c X} where each W(x) consists 
of subsets of X containing x and 
if x belongs to open U, then there exists open V = V(x, U) containing x (F) 
such that x E W _C U, for some W E Iv(y), whenever y E V 
The condition (F) becomes of interest once one gives particular properties to each 
W(x). We say 'X has open (F)' when X has I/V satisfying (F) and each element of 
each W(x) is open, and 'X has 79(F)' when 79 is an order or cardinality condition and 
each Iv(x) satisfies 79 considered as a partial order with respect o reverse inclusion. 
When each W(x) = {W(n, x): n E N}, (F) is referred to as (G), and X is then said to 
have decreasing (G) if W(n, x) D_ W(n + 1, x) for every x and every positive integer 
n. Some results involving the mechanism are collected together in the next theorem and, 
taken together, may justify further work in this area. They may be compared with the 
results of [42,43], and of [29, Section 4]. 
Theorem 8. (a) [13] X is metrisable if and only if X has open decreasing (G), 
(b) [3,13] X is stratifiable if and only if X has countable pseudocharacter and de- 
creasing (G), 
(c) [37] X is acyclic monotonically normal if and only if X has chain (F), 
(d) [21] X has well ordered (F) if and only if X has a monotone normality operator 
which is both acyclic and Noetherian (in the sense that X also satisfies 
(X3 
~] V(x i ,X  \ {xi+l}) = 0 (N) 
i= l  
whenever (zi) is an infinite sequence of distinct points of X). 
In particular, we shall be discussing the interesting class of well ordered (F) spaces 
further below. 
The following problem, now ten years old, remains open. 
Problem 2 ([13], and see [12]). If X has open (G), does X have a point-countable 
base? 
This problem relates directly to our theme of protometrisability through avariant (F") 
of condition (F), once one notes [12] that X has a point-countable basis if and only if 
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X has IV satisfying open (F") and each IV(x) is countable. The condition (F"),  which 
has also been studied in [42], is given as follows: 
(iii) 
Recall 
vided 
if :c belongs to open U, there xists open V = V(z, U) containing z 
such that V C W C_ U, for some W E Iv(y), whenever y E V (F") 
Nyikos [39] defines the following useful scattering process to be applied to a class 
34 of spaces: isolate the points of a subset, replace ach point by a member of Ad, and 
repeat ransfinitely, taking some subspace of the inverse limit at limit ordinals. Write 
'X  E S (M) '  when X is obtained from 3,'l in this way. A space X is protometris- 
able if it is a member of S(.Ad) when 34 is the class of metrisable spaces. Further, 
given a space X, a limit ordinal 6 and, for each c~ in 6, a collection b/a of open sets, 
Nyikos calls the family {L/a: c~ E 6} a well ordered proto-uniformisingfamilyfor X 
provided 
(i) for each x E X, {st(z,/g~): o~ < 6} is a local base at z 
(ii) U/.4,~ = U//=+1 for all c~ < 6 
g/~ star refines/,¢~ whenever c~ </3 < 6 
also that a pair-base is a collection 7 ) = {P = (Pl,P2): P E 79} pro- 
(a) (P1, P2) E 79 ~ P1, P2 open and P1 C_ P2 
(b) U an open neighbourhood f z ~ 3(P1,/92) E 79 such that z E P1 C_ P2 C U 
Such a pair-base is rank-one if 
(P1,P2),(P~,P~) E 79 and P1 nP~ ~ 0 ~ P1C P~ or/9( C P2 
Junnila and Ktinzi call a space X monotonically orthocompact provided there is an 
operator T : Z --+ S from the set Z of all open covers of X to the set S of all transitive 
neighbournets of X such that T(G) C T(79) whenever C, D E 2~ and C is a refinement 
of 79, and such that {T(C)(:c): z E X} refines C whenever C E S. 
Theorem 9. For a space X, the following are equivalent: 
(a) X is protometrisable; 
(b) [39] X has a well ordered proto-uniformising family; 
(c) [24] X has a rank-one pair-base; 
(d) [20] X has IV satisfying open chain (or well ordered) (F"); 
(e) [20] X has a continuous monotone normality operator; that is, a monotone nor- 
mality operator V (., .) satisfying 
if z belongs to open U, there exists an open neighbourhood 0 -= O(z, U) 
of z such that 0 C V(y, U) whenever y E O; (C) 
(f) [20] X has a compatible monotonic uniformity; that is, a separated (Weil) uni- 
formity 7? and a mapping M : 7? --+ 79 satisfying 
M(D)  C M(D') whenever D E 79 and D C_ D' (MU1) 
M(D) o M(D) C__ D whenever D E 79; (MU2) 
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(g) [20] X is monotonically paracompact; that is, there exists a function rn : S -+ 2?,, 
where Y, denotes the set of open covers of X, such that 
rn(H) star-refines U whenever b/E Z: (MP1) 
re(b/) refines re(V) whenever LI, V E 2? and Lt refines V; (MP2) 
(h) [32] X is monotonically orthocompact and monotonically normal. 
Gartside and Moody's monotone paracompactness condition in Theorem 9(g) is, of 
course, the uniform covering version of the entourage monotone uniformity condition of 
Theorem 9(f). 
The equivalence of (a) and (d) prompts the following question: 
Problem 3 [1 8]. Is every space having well ordered open (F) protometrisable? 
A partial solution has been given by Stares. 
Theorem 10 [52]. A space X is protometrisable if and only if, for each x in X, ]IV(x) : 
{W(j3, x): t3 < c~z}, for some ordinal c~z, is a family of (open) neighbourhoods of x, 
well ordered with respect o reverse inclusion, satisfying 
if x belongs to open U, there exists open V = V(x, U) and an ordinal 
13 = 13(x, U) such that 13 < ay and x E W(13, y) C _ U whenever y E V (Z) 
The condition (Z) is an uncountable v rsion of Collins and Roscoe's condition (A)-- 
see Section 7. 
4. Elastic spaces, well ordered (F) spaces and duplicates 
Recall that a pair-base P = {P = (PI, P2): P E 79}, see Section 3, is cushioned if 
U{PI :  P E 79'} C U{P2: p E 7 9'} whenever 79' c_ 79 
A partial order on 79 is framing provided P = (P1, Pa) and P' = (PI', P~) in 7 9 
are related whenever P1 N/91' ¢ 0. Then X is stratifiable [8] if X has a c~-cushioned 
pair-base and elastic if there is a pair-base 79 for X and a framing partial order 
on 79 such that every ~-bounded subset of 79 is cushioned. The latter concept is 
due to Tamano and Vaughan [54], the formal definition being due to Gartside and 
Moody [21]. 
Theorem 11 [21]. Let Q denote the class of all stratifiable spaces. Then 
(a) every element orS(Q) is elastic, and 
(b) every elastic space has well ordered (F). 
Theorem 1 l(a) answers a question of Borges [7]. 
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Two deductions follow at once, one of them as an application of Theorem 8(c). 
Corollary 2. Every protometrisable space is elastic. 
Note that, by Theorem 8(c), every space having well ordered (F) is acyclic monoton- 
ically normal. 
The class (_9 of well ordered (F) spaces is relatively stable. 
Theorem 12 [21]. l f  f : X --+ Y is a closed surjective mapping and X E (.9 then Y" C O. 
Theorem 13 [21]. If X E S(O), then X C O. 
We recall that the Alexandroff Duplicate D(X) of a space X is the space with under- 
lying set X x {0, 1} and topology with basis consisting of all singleton sets {(z, 1)} and 
all (U x {0, 1}) \ {(y, 1)} where U is an open neighbourhood f y in X. Amongst other 
properties, duplication preserves first countability, compactness and (acyclic) monotone 
normality. 
Theorem 14 [21]. The Alexandroff Duplicate of a well ordered (F) space has well 
ordered (F). 
Theorem 15 [22]. The AIexandroff Duplicate of a protometrisable space is lastic. 
Gartside and Moody [22] have invented a powerful machine, involving the scattering 
and duplication processes, for destroying elasticity. They have, in particular, used it to 
show: 
Theorem 16 [22]. There exists a separable, first countable, stratifiable space X with 
nonelastic AIexandroff Duplicate. 
Corollary 3. There exists a nonelastic space having well ordered (F). 
Theorem 17 [22]. The perfect image of an elastic space need not be elastic. 
Theorem 17 shows that a twenty year old conjecture of Tamano and Vaughan [54] is 
false. Further information about duplicates may be found in [57]. 
Problem 4 [18]. Is elasticity preserved by the scattering process? 
Problem 5 [18]. Is the perfect image of a protometrisable space elastic? 
The following diagram indicates the relationship between some of the spaces o far 
considered in this paper. The names beside the arrows indicate counter-examples to the 
reverse implications. The 'bow-tie' or 'butterfly' space is due to McAuley [33]. 
metrisable 
P.J. Collins /Topology and its Applications 74 (1996) 179-198 
Michael Line ~ protometrisable 
187 
bow-tie space bow-tie space 
stratifiable 
Michael Line 
, elastic 
l see Corollary 4 
well ordered (F) 
l Sorgenfrey Line or 
acyclic monotonically normal 
l see Theorem 7
monotonically normal 
5. Cardinal invariants 
Some of the most interesting recent work on monotone normality concerns cardinal 
invariants. Defnitions of invariants not given here may be found in Engelking's book [ 17]. 
Theorem 18 [59]. (a) If X is monotonically normal, then d(X) <~ c(X) + 
(b) the n+-Souslin Hypothesis is equivalent to 'if X is monotonically normal and 
c(X) = n, then d(X) = n' 
Moody has generalised Ostaszewski's old result hat every monotonically normal space 
with the countable chain condition is hereditarily Lindel6f [41]. The prefix 'h' in the 
sequel indicates 'hereditary'. 
Theorem 19 [35]. For every monotonically normal space X 
c(X) = he(X) = hL(X)  
Gartside sorted out the relationship between the remaining important cardinal invariants 
of monotonically normal spaces in his thesis. One of the proofs he gives of Theorem 20(a) 
contains a novel forcing and absoluteness argument. 
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Theorem 20 [18]. Suppose that X is a monotonically normal space. Then 
(a) d(X) = hd(X), 
(b) t(X) < c(X). 
Corollary 4. For a monotonically normal space X, 
max{L(X), t(X)} ~< c(X) = hc(X) = s(X) = hL(X)  <~ d(X) = hd(X) 
< nw(x). 
Further, he probed the gap between cellularity and density with the help of calibres. 
Recall that, if n, A, # are cardinals and n >/A/> #, then a space X has calibre (n, A,/z) 
provided that, for every collection b/of  nonempty open sets in X of cardinality n, there 
exists a subcollection '12 of size ), such that every subcollection W from V of cardinality 
p has nonempty intersection. 
Theorem 21 [18]. For every monotonically normal space X, 
(a) c(X) <~ e~ if and only if X has calibre (n +, n, n), 
(b) d(X) ~ n if and only if X has calibre (~+, n+, 2). 
Corollary 5 [18]. (a) If X is monotonically normal, then d(flX) --- d(X). 
(b) If X has a monotonically normal compactification, then 7rw(X) : d(X)  : 
hd(X)  = hTrw(X). 
Further work on compactifications may be found in Section 6. 
More recently, Gartside has considered the following cardinal invariant. 
Definition 3. For any space X, the diagonal degree of X is the cardinal 
A(X) = min {IH[ : NH = A, U in b/ implies U open in X2}. 
Theorem 22 [19]. For every monotonically normal space X, 
d(X)  <~ max {e(X), A(X), I (X)} ~< c(X). A(X) 
where I (X )  is the cardinality of the set of isolated points of X. 
Corollary 6. There are no Souslin line type spaces (that is, there are no nonseparable 
monotonically normal spaces with the countable chain condition) which have a Gs- 
diagonal. 
Some of the results above can be strengthened in the face of the space under consid- 
eration having well ordered (F). 
Theorem 23 [18]. If the space X has well ordered (F), then 
(a) d(X) = nw(X),  
(b) X is stratifiable whenever it is separable, 
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(C) the Souslin Hypothesis is equivalent to 'every space having the ccc and well 
ordered (F) is stratifiable'. 
For topological groups, even more can be said. 
Theorem 24 [19]. For every monotonically normal topological group G, 
e(G). ¢(G) : c(G) = d(C) : nw(G). 
Corollary 7. Every monotonically normal topological group with the countable chain 
condition is stratifiable. 
Corollary 8. There exist no monotonically normal L-groups. 
Problem 6 [19]. Is every monotonically normal topological group with countable pseu- 
docharacter stratifiable? 
Further work on topological groups can be found in Section 9. 
6.  Compact  spaces ,  compact i f i ca t ions  and  ut te r ly  normal  spaces  
Much interesting work in this area surrounds Nikiel's important question: 
Problem 7 [38]. Is every compact monotonically normal space the continuous image of 
a compact linearly ordered space? 
Theorem 25 [36,38,40]. If K is the continuous image of a compact linearly ordered 
space, then 
(a) K is acyclic monotonically normal and Ko, 
(b) K is biradial (that is, for every ultrafilter bl converging to a point x in K, there 
is a chain in U generating a filter converging to x), 
(c) I42 is supercompact (that is, K has a subbase S such that every cover by elements 
of S has a subcover of size two). 
Purisch [44] has found a compact, separable, monotonically normal, zero-dimensional 
space which is not orderable. 
The fact that there are monotonically normal spaces which are cyclic (Theorem 7) and 
not biradial (for example Heath's rational sequence space) suggests that their compacti- 
fication is a fruitful area of study. The following observations may be made: 
- Rudin's cyclic monotonically normal space does not have a K1 compactification [47], 
- Rudin has (consistently) constructed a cyclic monotonically normal space with a KI 
compactification which is not monotonically normal [47], 
- Heath's rational sequence group [25] is a countable stratifiable space with no mono- 
tonically normal compactification [18], 
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- Rudin has constructed a locally compact, scattered, monotonically normal space 
with no K1 compactification [47], 
- recall Corollary 5(b), that if X has a monotonically normal compactification, then 
d(X) = hd(X) = hTrw(K) = 7rw(X). 
There are some positive results if we strengthen monotone normality. Williams and 
Zhou [58] call a space extremely normal if it has a monotone normality operator V(., .) 
satisfying 
x#y,  V(x,U)  NV(y ,V)#OimplyV(x ,U)C__VorV(y ,V)  C_U. (EN) 
We note that dropping 'x ¢ y' in condition (EN) gives protometrisability [24] and that 
X is protometrisable if and only if X is extremely normal and has a linearly ordered 
local base at every point [58]. 
Theorem 26 [21,58]. If X is locally compact and has well ordered (F) (respectively is 
elastic, respectively is extremely normal), then its Alexandroff one-point compactification 
also has well ordered (F) (respectively is elastic, respectively is extremely normal). 
A typical example of an extremely normal space which is not protometrisable is a 
space with precisely one nonisolated point. Zenor has shown, amongst other esults, that 
all extremely normal spaces are like this. 
Theorem 27 [60]. Suppose that X is an extremely normal space. Then 
(a) if x is a limit point of H C_ X, then there exists K C H such that x is the only 
limit point of K, 
(b) if X has a G6-diagonal, then 
X=MuDuU{x i :  i ew},  
where M is metrisable, D is open and discrete, and each X.i is closed and discrete in X, 
(c) if X is compact, then X is a Frdchet space with a dense metrisable subset. 
In connection with Theorem 27(c), one should note that Nyikos [39] showed that 
compact protometrisable spaces are metrisable twenty years ago. 
Problem 8 [47]. Is a compact monotonically normal space acyclic monotonically normal 
(or K0)? 
Problem 9 [18]. Is the continuous image of a compact elastic space elastic? 
Problem 10 [ 18]. Does every metrisable space have a monotonically normal compacti- 
fication? 
Junnila [31] has recently considered a subclass of the class of monotonically normal 
spaces. He calls a space X utterly normal if it has an utterly normal neighbourhood base 
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assignment, where an assignment of neighbourhood bases x ~ B~ for all elements x of 
X is an utterly normal assignment provided that 
Bx C Bx, By C By, Bx fq B u ¢ 0 implies either x E By or y E Bx 
All non-Archimedean spaces, all monotonically normal P-spaces, all metrisable spaces 
and all arrow spaces (for example, the Sorgenfrey Line, ordinal spaces) are utterly normal. 
The class of all utterly normal spaces is closed under the scattering process; hence, all 
protometrisable spaces are utterly normal. Junnila asks the following questions. 
Problem 11. Does there exist a monotonically normal space which is not utterly normal? 
Problem 12. Are all stratifiable spaces utterly normal? 
Problem 13. Does every point in a monotonically normal space have a closure- 
preserving neighbourhood base? 
In respect of Problem 13, note that neighbourhood bases in an utterly normal assign- 
ment are (clearly) closure-preserving. 
In [30, Example 5.21], Junnila uses Hausdorff trees equipped with Lawson topologies 
to construct compactifications for strongly zero-dimensional metrisable spaces. As such 
trees are utterly normal, he thus has a partial solution of Problem 10, in that he has shown 
that every metrisable space for which dim X = 0 has an utterly normal compactification. 
7. Borges normality, proto-Borges normality and extension properties 
From a theorem of Borges [5], Moody and Stares have abstracted the following prop- 
erty, stronger than monotone normality: X is Borges normal when it satisfies 
if x belongs to open U, there exist an open H(x, U) containing x
and a positive integer n(x, U) such that 
(BN) 
H(x, U) M H(y, V) 7~ 0 and n(x, U) <<. n(y, V) imply y E U. 
Recall the following variant on (F) in the structuring mechanism. Suppose, for each 
x, that W(x) = {W(n, x): n E N}. Then X has 14) satisfying (A) provided 
if x belongs to open U, there exist an open V = V(x, U) containing x and a 
positive integer n = n(x, U) such that x C W(n, y) C_ U, whenever y E V. (A) 
X has decreasing (A) if W(n, x) D W(n + 1, x), for each x and n, and has neigh- 
bourhood (A), if each W(n, x) is a (not necessarily open) neighbourhood of x. The 
following interesting theorem has useful consequences. 
Theorem 28 [50]. X is Borges normal if and only if X has decreasing (A). 
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It should be compared with an older metrisation result: 
Theorem 29 [10]. X has neighbourhooddecreasing (A) if and only if X is metrisable. 1 
Theorem 28 enabled Stares to strengthen the Dugundji Extension Theorem, first proved 
for metric spaces [16] and then for stratifiable spaces [5], to Borges normal spaces and 
then to spaces having decreasing (G). This gives an added reason for investigation of 
the next question. 
Problem 14. Does every space having decreasing (G) also have decreasing (A)? 
By Theorem 8(b), decreasing (A) and decreasing (G) are equivalent for spaces with 
countable pseudocharacter. They are also equivalent for homogeneous spaces [53]. 
Stares then went on also to strengthen Borges normality: X is proto-BN if 
whenever x belongs to open U, there exist an open H(x, U) containing x
and a positive integer n(x, U) such that 
(PBN) 
g(x ,  U) N H(y, V) ~ O, n(x, U) <~ n(y, V) imply H(y, V) C U. 
In fact, this concept is also redundant, as the following nice result shows. 
Theorem 30 [52]. A space X is metrisable if and only if X is proto-BN. 
Stares similarly characterised Nagata spaces. (A space is Nagata if it is both mono- 
tonically normal and semi-metric, equivalently, both first countable and stratifiable.) 
Theorem 31 [52]. X is a Nagata space if and only if for each z in X there exist 
sequences (Un(x)); (Vn(x)) of neighbourhoods of x and (p(n, x)) of positive integers 
such that, for every x and y, 
(a) (Un(x)) is a local neighbourhood base at x, 
(b) Vn(x) n Vm(y) ~ ~) and p(n,x) <~ p(m,y)  imply y c Un(x). 
Theorem 31 may be compared with the following result dating from 1986. 
Theorem 32 [11]. Suppose that for each x in X the sequence (V(n, x)) is a decreasing 
local neighbourhood base at x. Then X is a Nagata space if and only if there exists a 
function r :~ × X --+ w such that r(n, x) ~ n for each n, x and 
V(r(n, x), x) n V(r(n, x), y) ¢ ~) implies y E V(n, x). 
We now turn to external characterisations of monotone normality of the Urysohn and 
Tietze type. 
Theorem 33 [6]. If X is a monotonically normal space, then to each ordered pair 
(A, U), where A is closed and U open in X, and A C__ U, we can assign a continuous 
1 The author would like to note that Theorem 2 in [10], which is deduced there from Theorem 29, had already 
been proved as Corollary 2.4 of [26]. These results may be compared with Theorem 4.19 of [29]. 
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function fu  :X  --+ [0, 1] such that fU(x) =- 0 if x E A and fU(x) : 1 if x C X \ U, 
u' 
and such that, if A C_ A' and U C U', then f~, (x) <. fU (x) for all x c X. 
The first step to find a Tietze theorem to parallel the above Urysohn type theorem 
was taken by Heath, Lutzer and Zenor. If A C X, a map ~:C*(A)  --+ C*(X) is an 
extender if, for all f E C*(A),~(f) IA = f. (C*(Z) denotes the set of all continuous 
bounded real-valued functions on Z.) Such an extender is monotone if ~5(f) ~ 4i(9) 
whenever f ~< 9 for f, 9 c C* (A). If for all closed A c_ X there is a monotone xtender 
~:C*  (A) --~ C* (X), then X is said to have the monotone xtension property. 
Theorem 34 [27]. If X is monotonically normal, then X has the monotone xtension 
property. 
That the converse is false was demonstrated by van Douwen [14], but the search for a 
Tietze characterisation had to wait for Stares who proved the following two results. Let 
C(X, [0, 1]) denote the set of all continuous functions from X into [0, 1]. 
Theorem 35 [51 ]. A space X is monotonically normal if and only if for all closed subsets 
F c_C_ X there exists an extender ~F : C(F, [0, 1]) --+ C(X, [0, 1]) such that if F0, F1 are 
closed subspaces with F1 C_ Fo and f~ E C(Fi, [0, 1]) for i = O, 1, and 
(1) if folFl >~ fl and fo(x) = 1 for all x e Fo \ F1, then ~Fo(fo) >1 ~Fl(fl), 
(2) if folFl <<. fl and fo(x) = 0 for all x E Fo \ Fb then ~Fo(fo) ~ ~SFj (fl). 
For x ~ E, where x is an element and E is a closed subset of a space X, the 
(continuous) function XxE:{x} U E --4 [0, 1] is defined by Xx~z(x) = O, XzE(Y) = 1 
for y ¢ E. 
Theorem 36 [51]. A space X is monownically normal if and only if the following three 
conditions hold: 
(1) for all closed E C_ X there is an extender ~E : C*(E) -~ C*(X), 
(2) if x ~ E, with E, F closed and F C E, then ~{z}uF(XzF) ~ ~{~:}uE(XzE), 
(3) /f f, 9 :E  --+ [0,1] are continuous and such that f = l -g ,  then ¢6( f )  = 
1 - ~E(9) .  
Stares [51] also proves a Urysohn Lemma for acyclic monotonically normal spaces. 
8. Products, tangle-free filters and p-products 
The results in this section very much speak for themselves. 
Suppose ~ is a regular cardinal. Vaughan [56] calls a space X n-stratifiable if it has 
a pair-base 7~ of cofinality n, such that every ~<-bounded subset of T' is cushioned (see 
Section 4), and linearly stratifiable if it is ~-stratifiable for some regular cardinal n. Every 
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stratifiable space is afortiori linearly stratifiable and every linearly stratifiable space is 
elastic, but neither converse holds. 
Theorem 37 [18]. (a) If X 2 is a monotonically normal space, then X n is monotonically 
normal and hereditarily paracompact for every positive integer n. 
(b) There exists a space Y for which yn  is monotonically normal for every positive 
integer n, but such that Y is not linearly stratifable. 
Theorem 38 [18]. A fnite product of spaces having well ordered (F) (and hence of 
elastic and of protometrisable spaces) is hereditarily metacompact. 
Theorem 39 [2]. (a) If X is a paracompact, monotonically normal space and Y has a 
point-countable basis, then X x Y is metaLindelOf. 
(b) If b > Wl, X is a LindelOf, monotonically normal space and P is the space of 
irrational numbers, then X x P is Lindel~f. 
Theorem 40 [19]. The square of a Borges normal topological group is Borges normal. 
A major new development in Gartside's thesis is his invention of p-products which he 
uses to develop a product heory for monotonically normal spaces and applies later to 
the theory of topological groups. He calls a free filter p on a set S tangle-free provided 
there is a function G:S  --+ p such that t E G(s) implies s ~ G(t), for s,t  E S. For 
such a filter, X (p) will denote, as usual, the space with underlying set S U {p} and the 
topology in which singletons of S are isolated and neighbourhoods of p are of the form 
F U {p}, for F in p. Such spaces X (p) are always elastic, but if S is uncountable and p 
is the co-finite filter on S then X(p) is a compact nonmetrisable space and hence neither 
protometrisable nor linearly stratifiable. 
Theorem 41 [18]. Suppose p is a free filter on a set S. Then the following are equiva- 
lent: 
(a) p is tangle free, 
(b) X(p) 2 \ A is normal, where A is the diagonal in X(p) 2, 
(c) X(p) 2 is monotonically normal, 
(d) (X(p) ) n is monotonically normal, for all positive integers n. 
Suppose p is a free flter on a set S, and let (X~)sES be a family of spaces. The 
p-product of this family, denoted by p - 1-[~ES Xs, is the space with underlying set 
1-L~s x~ and topology with basis consisting of all sets of the form 
A 
s~F 
where F E p and Us is open in X~, for each s ~ F. The usual (Tychonoff) product and 
the box product are clearly examples of p-products. 
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Fix x c 1--[sss X,. The p-sigma product of (Xs)~es, denoted by p - a~esXs, is that 
subspace of p - r ises x ,  consisting of those points for which all but finitely many 
co-ordinates are equal to a:. 
Theorem 42 [18]. Let p be a free filter on a set S, (Xs)ses be a family of nontrivial 
discrete spaces and :c be an element of I-[ses Xs. Then the following are equivalent: 
(a) p is tangle free, 
(b) p - ~r~6sXs is monotonically normal, 
(c) all finite powers of p - cr~csXs are monotonically normal. 
As indicated above, the pay-off in using p-products is in the theory of topological 
groups. 
9. Topological groups 
This section contains ome of the more important results in Gartside's thesis and, 
in particular, serves to establish the importance of monotone normality in the study of 
topological groups. 
Theorem 43 [18]. Let L be a topological vector space over a separable metrisable 
topological field, with the weak topology (induced by the continuous linear functionals). 
Then the following are equivalent: 
(a) L is monotonically normal, 
(b) L is stratifiable, 
(c) L is metrisabIe, 
(d) L* has countable dimension. 
The following corollary, concerning the space C'p(X) continuous real-valued functions 
with the topology of pointwise convergence, answers a question of Uspenskij [55]. I am 
informed that the result has been proved independently b Jaschenko [28] and Sakai [48] 
Corollary 9 [18,28,48]. The following are equivalent: 
(a) Cp(X) is monotonically normal, 
(b) Cp(X) is stratifiable, 
(c) Cp(X) is metrisable, 
(d) X is countable. 
The next result answers a question of Arhangel'skii [1], in showing that stratifiability 
is not an 'l-invariant'. 
Theorem 44 [18]. There exist spaces X,  Y with Cp(X), Cp(Y) linearly homeomorphic 
(that is, X and Y 1-equivalent) such that 
(i) X is countable, has scattered length 3, and is not stratifiable, 
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(ii) Y is countable, has scattered length 2, and is stratifiable. 
A second corollary to Theorem 43 answers a question of Heath [25]. 
Corollary 10 [18]. Every monotonically normal subgroup of 2 ~ is metrisable. 
One interesting application of p-products (see Section 8) is in establishing the next 
result. 
Theorem 45 [18]. There exists a monotonically normal topological group which is not 
linearly stratifiable. 
This may be compared with the following striking result which may be proved quickly 
using the structuring mechanism (see Section 3). 
Theorem 46 [18]. Every separable monotonically normal topological group is stratifi- 
able. 
Theorem 47 [18]. Monotonically normal topological groups are hereditarily paracom- 
pact. 
The following result answers a question of Gartside [18]. 
Theorem 48 [49]. Every stratifiable space can be embedded in a stratifiable topological 
group. 
Related to this result is the following question, also due to Gartside. 
Problem 15 [19]. Give necessary and sufficient conditions on a space X for which 
C~(X), the set of continuous real-valued functions with the compact-open topology, is 
stratifiable. 
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